Abstract-Convective delivery of nutrients is important to enhance mass transport within tissue engineered (TE) products. Depending on the target tissue, an ideal TE product will have an integrated microvasculature that will eliminate mass transport limitations that can occur during product growth in vitro and integration in vivo. A synthetic approach to develop microvasculature involves development of network designs with efficient mass transfer characteristics. In this paper, utilizing a planar bifurcating network as a basis, we develop an approach to design optimal flow networks that have maximum mass transport efficiency for a given pressure drop. We formulated the optimization problem for a TE skin product, incorporating two types of duct flow, rectangular and square, and solved using a generalized reduced gradient algorithm. Under the conditions of this study, we found that rectangular ducts have superior mass transport characteristics than square ducts. Microvascular area per volume values obtained in this work are significantly greater than those reported in the literature. We discuss the effect of network variables such as porosity and generations on the optimal designs. This research forms the engineering basis for the rational development of TE products with builtin microvasculature and will pave the way to design complex flow networks with optimal mass transfer characteristics.
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INTRODUCTION
Tissue engineered (TE) products have the potential to revolutionize health care. Tissue engineering strategies include 19 application of cells directly to the site of injury, for example, injection of chondrocytes to treat cartilage defects, 2 use of cells in matrices, for example, use of hepatocytes in collagen gel to treat fulminant hepatic failure, 6 and tissue regeneration templates such as collagen-GAG in the treatment of burn injuries. 5, 7 Currently, a number of tissues and organs in the human body such as cartilage, bones, heart valves, blood vessels, skin and liver are investigated as targets for tissue engineering.
Despite the potential and advances in tissue engineering, only a handful of TE products such as TE skin are currently in clinical use. In addition, almost all TE products currently in use or undergoing clinical trials are either targeted at avascular tissues (e.g. heart valves and cartilage), or are not vascularized before their use in the clinics (e.g. skin substitutes). A major reason for this is the absence of a built-in microvascular system for convective delivery of nutrients and removal of metabolic waste products. 12, 14 To address the problem of nutrient limitations in TE products, porous scaffolds have been employed instead of solid matrices to enhance nutrient transfer in TE products. These are usually made of biodegradable synthetic polymers and have found extensive use in the development of TE connective tissues such as cartilage and ligaments. 3, 21, 28, 37 Scaffold materials that deliver angiogenic factors to stimulate and increase neovascularization of the graft have also been studied. 26, 31 However, in all such products, nutrient mass transfer still occurs primarily by passive diffusion until the product is vascularized in vivo through angiogenesis.
The lack of a functioning vascular network presents a major barrier for the engineering of thick threedimensional tissues. Until now, there have been only a few attempts in creating microvasculature in vitro. Hepatocytes and endothelial cells were grown on silicon-machined microchannels by Kaihara et al. 15 for TE liver development. Powers et al. 29, 30 showed approaches for a microfabricated perfused TE liver by micropatterning hepatocytes with flow channels. Ko and Iwata 18 have attempted to reconstruct threedimensional tissue with capillaries using hollow fibers. More recently, Neumann, et al. 27 examined the possibility of creating a smooth muscle cell based microvessel system perfused in vitro for tissue engineering applications. In the above approaches, the design of vascular flow channels was not linked to the mass transfer requirement of the tissue construct.
The last couple of decades have seen numerous efforts garnered towards exploring the use of mathematical modeling approaches based on optimization techniques for the computer simulation of arterial trees and microvascular growth and remodeling. In order to perform the complex energy-intensive task of supplying blood to every tissue at physiologically required levels of pressure and flow, it is supposed that the arterial tree system must have been governed by certain optimization principles during phylogeny. 35 One approach for constructing arterial tree models on the computer is through the Constrained Constructive Optimization (CCO) method. 16, 34 Almost all the optimization strategies based on this method deal with minimizing the total intravascular volume of blood, subject to geometric constraints and boundary conditions on pressure drop and flow. Other optimization strategies are based on discrete mathematical modeling, 24 truss-type topology optimization. 17 and combined geometric and functional vascular growth models. 11 However, none of these methods have paid any attention to the optimization of mass transport characteristics of the vascular networks. Moreover, the results of these models and other angiogenesis-based models 22, 23 are not readily transferable to the formulation of tissue constructs with micro flow channels. Diffusion and transport of metabolites and waste products to and from the vasculature depend to a large extent on the net surface area. One way to address the transport problem of maximizing nutrient transfer is, therefore, to optimize the net surface area per unit volume of the tissue space.
In this paper, we describe the first step towards the rational design of vascular flow networks with mass transport characteristics that would meet the metabolic demand of tissues, through principles of optimization and mathematical modeling. Here we formulate an overall optimization model in the micro-scale for a two-dimensional bifurcating flow network design. We solve the model using a generalized reduced gradient methodology to obtain optimal network designs with maximal mass transport characteristics. We investigate two types of network geometries, rectangular ducts and square ducts, choosing skin as our tissue model. We explore the effect of network variables such as geometry, porosity and generations on the optimal network designs and their mass and fluid transport characteristics. The network designs are found to exhibit significantly greater microvascular area per volume values than those reported in the literature. Further, the rectangular duct designs are characterized by ease of microfabrication as well as superior mass transfer efficiencies than the corresponding square ducts.
MATHEMATICAL MODEL
Our main objective is to rationally design vascular networks of micron dimensions with optimal transport characteristics to be integrated with TE scaffolds. In this section we develop a mathematical model to answer the following fundamental question: what fluid transport design will result in maximum nutrient transport in a piece of tissue, T(x,y,z)? We start by choosing our basic network design to consist of dichotomous branching of capillaries in a planar geometry, a schematic of which is shown in Fig. 1a . The planar geometry as opposed to a three-dimensional geometry was chosen as current techniques do not allow microfabrication of micron precision threedimensional structures in biopolymeric matrices. In addition, a duct geometry instead of a circular one was chosen for a similar reason that circular geometries are harder to microfabricate. It should be mentioned, however, that three-dimensional networks will have several advantages over two-dimensional networks. For example, fluid distribution is an important issue in several engineering processes such as separations and reactions. A flow network that optimizes fluid distribution will be, in practice, three-dimensional.
In our designs, the overall design consists of an upstream arteriole side, where the parent blood vessel branches into two daughter vessels and a downstream venule side where two daughter blood vessels merge into one. We assume that the flow rate in each daughter vessel is equal to one half of that in the parent vessel. Further, the arteriole and venule sides are assumed to be mirror images of each other. The optimization model is solved to generate optimal values for the dimensions of the network designs. These planar network structures are characterized by maximum mass transport efficiency for a specified maximum pressure loss across them and a fixed porosity. Skin is chosen as our tissue model for the current study.
The three important constituents of any optimization model are the decision variables, the objective function and the constraints. While this general approach is equally applicable to a network that is three-dimensional, the type of constraints and the number of decision variables will depend on the base design of the three-dimensional network.
Decision Variables
For a tissue section of given width a and half-length b, the extent of branching in the planar dichotomous network depends on the number of generations, n. For example, Fig. 1b illustrates a sample network design in three generations. As shown in this figure, the dichotomous branching results in 2 i equidistant branches in the ith generation. We assume that the length of the vessel from one generation to another reduces by a factor Y, which is the same for each generation. Likewise, the width of the vessel reduces by a constant factor X. Thus, for a given value of width (a ), halflength (b ), and number of generations (n ), the design of the network requires optimal values for the following decision variables:
L: Length of the vessel at the 0th generation (Initial Length, cm) W: Width of the vessel at the 0th generation (Initial Width, cm) Y: Length scaling factor X: Width scaling factor For ease of exposition, we define the following additional variables, which, as shown in Fig. 1b , can be derived as a function of above four decision variables.
L i : Length of the vessel at the ith generation (cm) W i : Width of the vessel at the ith generation (cm)
Arteriole Section
Venule Section L i ¢: Projected length of the vessel at the ith generation (cm) W i ¢: Projected width of the vessel at the ith generation (cm)
In this work, we have used duct flow as the principle flow model. The reason for using duct geometry is the ease of microfabrication of the resulting flow networks. Further, two types of duct geometry are explored: rectangular ducts and square ducts. Rectangular ducts are defined to have a constant depth throughout the network, equal to onetenth the initial width (W) of the network. Square ducts are defined to have varying depths with the depth at each generation equal to the width (W i ) at that generation.
The Objective Function
Our design objective is to maximize the mass transfer efficiency of the nutrients in a piece of tissue. The overall mass transfer efficiency will depend on several factors such as local flow characteristics, tissue and nutrient transport characteristics, vascular geometry and capillary distribution 1, 9, 40 . We chose net vascular surface area, through which nutrients diffuse into the adjoining tissue, per unit volume of the tissue space as a simple indicator of mass transport rates. Surface area/volume is widely used as an important indicator of mass transport effectiveness in various industrial mass transfer processes such as extraction and distillation.
As shown for the 1st generation in Fig. 2 , at the ith generation of a bifurcating network, the total surface area is contributed by three parts. The first part consists of the top and the bottom vessel areas, each designated as N i . The second part is the sum over all bifurcations, of the left side of the left branch and the right side of the right branch of each bifurcation. This is designated as A i . Finally the third part is made up of the right side of the left branch and the left side of the right branch of each bifurcation. This is again summed over all the bifurcations in the generation and is designated as B i .
We are then able to obtain the following expressions, for rectangular ducts, for the three parts of the surface area in terms of the lengths and widths of the network at each generation:
The net surface area per unit volume, which is also the objective function to be maximized, is then given as,
For square ducts, the expressions for A and B are slightly different from those above and can be obtained as,
The corresponding surface area per unit volume for the square ducts can be written as:
Constraints
In this work, we imposed the following constraints:
(a) Pressure drop constraint, which fixes the maximum value of pressure drop across the network (b) Porosity constraint, which fixes the porosity of the network to a specified value, c (c) Geometric constraints, which impose some logical limitations on the net length and net width at any point of the network and on the length and width scaling factors 
Pressure Drop
For a symmetric dichotomous branching network, the net pressure drop (p A )p B ) is equal to the pressure drop in the bold segment of the network shown in Fig. 3a . This is based on the premise that at each generation pressure drop is the same in all the branches, and that resistances can be added when they are in series. 39 Here, the pressure losses due to branching itself are assumed to be negligible. Physiologically, the average functional pressure drop across arterioles and venules in the systemic circulation is of the order of 17 mmHg. 13 In this work, we have constrained this value to be less than or equal to 1 mmHg.
The pressure drop across the network is a function of the network geometry and the fluid characteristics for the type of flow model employed. As mentioned earlier, we have used duct flow in rectangular and square duct geometries as the flow model. Figure 3b summarizes the pressure drop equations for both types of duct flow. Here, Poiseuille's flow was assumed in individual segments. If a non-Newtonian fluid is used, a corresponding expression for pressure drop can easily be developed. The inlet flow rate, Q, was obtained by assuming constant flow rate per tissue weight ratio, which is in the range of 0.125-0.13 ml min
for skin tissue. 10 For rectangular ducts, the total volume of the tissue sample can be given as V = (a cm Â 2 b cm Â W/10 cm) = a b W/5(cm 3 ). Correspondingly, the flow rate through the skin tissue sample assuming that the density of the sample tissue equals 1 (g cm )3 ) can be calculated as Q = (0.125)a b W/5 ml/min. In all the computational work so far, we have considered a = b = 1 cm, so the arteriole and venule sections are each 1 cm Â 1 cm in dimension, and Q = 0.025W (ml min )1 ). Similarly, we can obtain the flow rate for square ducts as Q = 0.25W (ml min )1 ).
Porosity
We restrict the porosity to a specified value c. The value of c is varied from 0.4 to 0.7. 8, 25, 33, 36 Porosity of the network is indicative of the percent of blood in microvasculature and, in general, can vary depending on the permeability of vasculature. Here it is defined as the ratio of vascular volume to the tissue volume. For rectangular ducts, it is straightforward to note that the porosity is simply (N/a b) , where N is derived in Section 'The Objective Function'. For square ducts, the expression is not as trivial and can be written as,
Geometric Constraints
These constraints include the limitations on the net length and net width at any generation due to the network geometry as well as the fact that both length and width scaling factors cannot exceed 1. 38, 40 The associated constraint equations are listed here with a brief explanation for each. 
Due to fabrication limitations, we have constrained the minimal vessel width in the network to 50 microns. In addition, the maximum width of the vessel at any generation comes from the number of branches that need to be accommodated within the overall width at that generation. These give rise to the following set of constraints: 
Depending on the value that Y takes, either a=2 2Y or a=2 2Y ð Þ n will assume the maximum value amongst the set of n values,
Correspondingly, the above set of n constraints can be reduced to one constraint as follows:
The length and width scaling factors must be less than or equal to one.
SOLUTION METHODOLOGY
Clearly, the optimization model is highly non-linear in nature and can be classified as a constrained nonlinear optimization problem. We solved the model using the generalized reduced gradient algorithm (GRG, Lasdon et al. 20 ) for solving nonlinear programming problems (NLPs). Although other algorithms like Sequential Quadratic Programming (SQP) and Interior Point or Barrier Method can also be used for solving NLPs, the GRG algorithm happens to be one of the most robust and reliable approaches to solve difficult NLP problems. While the GRG algorithm is available through the Solver function within MS Excel (Microsoft Corporation, Redmond, WA), in order to customize the GRG algorithm for our problem and expand it to accommodate additional functions, we implemented it by a custom-code written on the MATLAB platform (Mathworks, Natick, MA). The main motivation for generating a custom programming code was that it would provide us with more flexibility and a better understanding of the problem at hand. MATLAB platform was chosen for its powerful built-in matrix manipulation functions. In addition, the problem could be further expanded in many ways to perform various functions with a tightly integrated and inter-connected approach. Simulations of the model were carried out to obtain bifurcating vascular flow network designs with optimal transport characteristics. Briefly, for every simulation, the initial length, initial width and the length and width scaling factors were changed by the program to maximize the surface area per unit volume subject to the constraint functions. In all the simulations, the net length,2b and net width, a of the network structures for both rectangular and square duct geometries were set to 2 cm and 1 cm respectively. Thus the arteriole and the venule sections each were 1 cm Â 1 cm in area. Further, the depth of the rectangular ducts was set to be constant throughout and equal to a tenth of the initial width, i.e. one-tenth the width of the vessel at the 0th generation. On the other hand, the square ducts featured a varying depth, such that the depth at each generation was equal to the width at that generation. The number of generations was varied discretely from 0 to 6 in steps of 1. For each generation, the model was solved for porosities ranging from 0.4 to 0.7 in intervals of 0.05.
For every combination of the porosity and the number of generations that we solved, our model generated a set of optimal values for the decision variables. It was required to convert the optimal numbers into flow network designs for visualization and fabrication, using a rapid and effective technique. We accomplished this by a custom-written macro in Visual Basic (Microsoft Corporation, Redmond, WA), which took the optimization results and mapped them 
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Number of Generations onto AutoCAD (Autodesk, San Rafael, CA) to obtain optimal network designs.
RESULTS AND DISCUSSION

Variations in the Scaling Factors
The variations of the four decision variables, L, Y, W and X are summarized in Figs. 4 and 5 for select porosities and number of generations for optimized rectangular and square ducts. It may be noted that an increase in the porosity is brought about by an increase in the initial length and the initial width of the flow networks (Figs. 4a, c and 5a, c) . This is also depicted in Fig. 6a , which shows rectangular duct network designs of increasing porosity for number of generations equal to 4. For a particular number of generations, corresponding to the increase in the initial length and width, there is a decrease in the scaling factors to satisfy the length and width constraints (Figs. 4a, b and 5c, d ). With number of generations, the initial length and width of rectangular and square ducts decrease and reach a minimum value before further increasing (Fig. 6b) . This minimum value corresponds to the optimal number of generations, where the transport efficiency attains a maximum. As will be discussed later, the optimum number of generations is 3 or 4 for rectangular ducts and 1 or 2 for square ducts. Figure 7(a, b) shows plots of the mass transport efficiency (surface area/volume) and the pressure drop of optimized rectangular ducts as a function of number of generations for three different porosities. It is evident from these plots that both the mass transport efficiency and the pressure drop decrease with an increase in the porosity of the networks. As mentioned earlier, the initial width of the network increases with porosity. Correspondingly, the depth of the networks increases leading to an increase in the total volume of the tissue space. As a consequence the surface area/ volume ratio decreases. The pressure drop is directly proportional to the length and inversely proportional to the cube of the width at each generation. As a result, an increase in the width with porosity would mean a decrease in the pressure loss. We also observed that there seems to be an optimal number of generations, either 3 or 4, for any particular porosity, where the transport efficiency attains a maximum. However, the pressure drop is also maximum at this generation number.
Characteristics of Rectangular Ducts
Characteristics of Square Ducts
We made a similar analysis for the square ducts. A corresponding plot is shown in Fig. 7(c, d) . The mass transport efficiency again decreases with porosity, just like the rectangular ducts. However the pressure drop follows a different behavior. The optimal number of generations for maximum surface area/volume seems to be at 1 (porosity = 0.5) or 2 (0.4) for square ducts. But the pressure drop doesn't show a corresponding optimum; rather it increases with number of generations. It should be noted that the pressure drop constraint of 1 mmHg was relaxed for the data obtained for porosity 0.7. Although the pressure losses for both the rectangular and square ducts are not the lowest corresponding to maximum mass transport efficiencies, the values that we have obtained are much less than physiologically observed values of pressure drops, indicating we are operating on a safe side.
Comparison between Rectangular and Square Ducts
Here, we make use of the plots in Fig. 7 , to compare between the two duct geometries, rectangular and square. Rectangular ducts clearly are more transport efficient, their surface area/volume values are almost an order of magnitude higher than the square ducts. With respect to the pressure drop, the rectangular ducts fare better for higher number of generations and higher porosity values. The square ducts show a much wider range in the pressure drop values and fare better for lower number of generations, mainly because of their trend of increasing pressure drop with number of generations.
To visualize the effect of duct geometry on the network designs, Fig. 8 shows two designs, rectangular and square, for the same porosity and number of generations. The square ducts have a much higher initial length and width, giving rise to much higher tissue volumes, which explains why they have inferior mass transport characteristics as compared to the rectangular ducts. An important point to note here is that both types of ducts are characterized by much higher values of surface area per volume than typical values for microvasculature in the skin tissue 32 which are in the order of 1 cm 2 /cm 3 .
CONCLUSIONS
In this paper, we have described a first approach towards the rational design of vascular flow networks of micron dimensions, with optimal transport character- istics to be integrated with tissue engineered scaffolds. We started out with a basic network design of planar dichotomous branching of capillaries, and applied optimization principles and transport criteria to obtain networks with optimal transport characteristics. Here we chose skin as our tissue model, and for two types of duct geometries, rectangular and square, maximized the nutrient transport in a sample tissue section by maximizing the surface area per unit volume of the tissue space. Under the conditions of this study, the surface area/volume values obtained are much higher than the published values of microvascular area per volume for the skin tissue. Further, the pressure drop values we considered are much lower than the physiologically observed range of pressure drops in vascular beds in the skin tissue. We found that the rectangular ducts show much superior mass transport characteristics as compared to the square ducts, and they are also easier to microfabricate for future experimental work. With regards to the results from optimization, two important results need to be summarized: (1) the mass transport efficiency decreases with the increase in porosity of the flow networks and (2) the mass transport efficiency attains a maximum at an optimal number of generations, 2-4, independent of porosity.
